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Abstract
We introduce a method to constructG2–instantons over compactG2–manifolds arising as the
twisted connected sum of amatching pair of building blocks [Kov03; KL11; CHNP15]. Our con-
struction is based on gluing G2–instantons obtained from holomorphic vector bundles over
the building blocks via the first named author’s work [Sá 15]. We require natural compati-
bility and transversality conditions which can be interpreted in terms of certain Lagrangian
subspaces of a moduli space of stable bundles on a K3 surface.
Changes to the published version This article was first published in Geometry and Topology,
Volume 19, Issue 3, pp. 1263–1285 (2015). The present version differs only in aesthetic aspects and
Remark 1.10 has been updated to reflect recent progress.
1 Introduction
A G2–manifold (Y ,д) is a Riemannian 7–manifold whose holonomy group Hol(д) is contained
in the exceptional Lie group G2 or, equivalently, a 7–manifold Y together with torsion-free G2–
structure, that is, a non-degenerate 3–form ϕ satisfying a certain non-linear partial differential
equation, see, e.g., [Joy96, Part I]. An important method to produce examples of compact G2–
manifolds withHol(д) = G2 is the twisted connected sum construction, suggested by Donaldson,
pioneered by Kovalev [Kov03] and later extended and improved by Kovalev and Lee [KL11] and
Corti, Haskins, Nordström, and Pacini [CHNP15]. Here is a brief summary of this construction:
A building block consists of a projective 3–fold Z and a smooth anti-canonicalK3 surface Σ ⊂ Z
with trivial normal bundle, seeDefinition 2.8. Given a choice of hyperkähler structure
(
ωI ,ω J ,ωK
)
on Σ such that ω J + iωK is of type (2, 0) and [ωI ] is the restriction of a Kähler class on Z , one
can make V := Z\Σ into an asymptotically cylindrical (ACyl) Calabi–Yau 3–fold, that is, a non-
compact Calabi–Yau 3–fold with a tubular end modelled on R+ × S
1 × Σ, see Haskins–Hein–
Nordström [HHN15]. Then Y := S1 ×V is an ACylG2–manifold with a tubular end modelled on
R+ ×T
2 × Σ.
Definition 1.1. Given a pair of building blocks (Z±, Σ±), a collection
= {
(
ωI,±,ω J ,±,ωK,±
)
, r}
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consisting of a choice of hyperkähler structures on Σ± such that ω J ,± + iωK,± is of type (2, 0) and
[ωI,±] is the restriction of a Kähler class on Z± as well as a hyperkähler rotation r : Σ+ → Σ−
is called matching data and (Z±, Σ±) are said to match via . Here a hyperkähler rotation is a
diffeomorphism r : Σ+ → Σ− such that
(1.2) r∗ωI,− = ω J ,+, r
∗ω J ,− = ωI,+ and r
∗ωK,− = −ωK,+.
Given a matching pair of building blocks, one can glue Y± by interchanging the S
1–factors at
infinity and identifying Σ± via r. This yields a simply-connected compact 7–manifold Y together
with a family of torsion-free G2–structures (ϕT )T>T0 , see Kovalev [Kov03, Section 4]. From the
Riemannian viewpoint (Y ,ϕT ) contains a “long neck” modelled on [−T ,T ] × T
2 × Σ+; one can
think of the twisted connected sum as reversing the degeneration of the family of G2–manifolds
that occurs as the neck becomes infinitely long.
If (Z , Σ) is a building block andE → Z is a holomorphic vector bundle such thatE |Σ is stable,
thenE |Σ carries a unique ASD instanton compatiblewith the holomorphic structure [Don85]. The
first named author showed that in this situationE |V can be given a Hermitian–Yang–Mills (HYM)
connection asymptotic to the ASD instanton onE |Σ [Sá 15]. The pullback of a HYM connection
over V to S1 ×V is a G2–instanton, i.e., a connection A on a G–bundle over a G2–manifold such
that FA ∧ ψ = 0 with ψ := ∗ϕ . It was pointed out by Simon Donaldson and Richard Thomas in
their seminal article on gauge theory in higher dimensions [DT98] that, formally,G2–instantons
are rather similar to flat connections over 3–manifolds; in particular, they are critical points of a
Chern–Simons type functional and there is hope that counting them could lead to an enumerative
invariant for G2–manifolds not unlike the Casson invariant for 3–manifolds, see [DS11, Section
6] and [Wal13a, Chapter 6]. The main result of this article is the following theorem, which gives
conditions for a pair of suchG2–instantons over Y± = S
1 ×V± to be glued to give a G2–instanton
over (Y ,ϕT ).
Theorem 1.3. Let (Z±, Σ±) be a pair of building blocks that match via . Denote by Y the compact
7–manifold and by (ϕT )T>T0 the family of torsion-freeG2–structures obtained from the twisted con-
nected sum construction. LetE± → Z± be a pair of holomorphic vector bundles such that the following
hold:
• E± |Σ± is stable. Denote the corresponding ASD instanton by A∞,±.
• There is a bundle isomorphism r¯ : E+ |Σ+ → E− |Σ− covering the hyperkähler rotation r such
that r¯∗A∞,− = A∞,+.
• There are no infinitesimal deformations ofE± fixing the restriction to Σ±:
(1.4) H 1(Z±,End0(E±)(−Σ±)) = 0.
• Denote by res± : H
1(Z±,End0(E±)) → H
1(Σ±,End0(E± |Σ±)) the restriction map and by
λ± : H
1(Z±,End0(E±)) → H
1
A∞,±
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the composition of res± with the isomorphism from Remark 1.6. The images of λ+ and r¯
∗ ◦ λ−
intersect trivially in H 1A∞,+ :
(1.5) im (λ+) ∩ im (r¯
∗ ◦ λ−) = {0}.
Then there exists a non-trivial PU(n)–bundle E over Y , a constant T1 > T0 and for each T > T1 an
irreducible and unobstructed1 G2–instanton AT on E over (Y ,ϕT ).
Remark 1.6. IfA is an ASD instanton on a PU(n)–bundle E over a Kähler surface Σ corresponding
to a holomorphic vector bundleE, then
H 1A := ker
(
d∗A ⊕ d
+
A : Ω
1(Σ, gE ) → (Ω
0 ⊕ Ω+)(Σ, gE )
)
 H 1(Σ,End0(E)),
see Donaldson and Kronheimer [DK90, Section 6.4]. Here gE denotes the adjoint bundle associ-
ated with E.
Remark 1.7. If
(1.8) H 1(Σ+,End0(E+ |Σ+)) = {0},
then (1.5) is vacuous. If, moreover, the topological bundles underlying E± are isomorphic, then
the existence of r¯ is guaranteed by a theorem of Mukai [HL97, Theorem 6.1.6].
Since H 2(Z±,End0(E±))  H
1(Z±,End0(E±)(−Σ±)) vanish by (1.4), there is a short exact se-
quence
0 → H 1(Z±,End0(E±))
res±
−−→ H 1(Σ±,End0(E± |Σ±))
→ H 2(Z±,End0(E±)(−Σ±)) → 0.
This sequence is self-dual under Serre duality. It was pointed out by Tyurin [Tyu08, p. 176 ff.] that
this implies that
im λ± ⊂ H
1
A∞,±
is a complex Lagrangian subspace with respect to the complex symplectic structure induced by
Ω± := ω J ,± + iωK,± or, equivalently, Mukai’s complex symplectic structure on H
1(Z±,End0(E±)).
Under the assumptions of Theorem 1.3 the moduli space M(Σ+) of holomorphic vector bundles
over Σ+ is smooth near [E+ |Σ+] and so are the moduli spaces M(Z±) of holomorphic vector bun-
dles overZ± near [E±]. Locally,M(Z±) embeds as a complex Lagrangian submanifold intoM(Σ±).
Since r∗ωK,− = −ωK,+, both M(Z+) and M(Z−) can be viewed as Lagrangian submanifolds of
M(Σ+) with respect to the symplectic form induced by ωK,+. Equation (1.5) asks for these La-
grangian submanifolds to intersect transversely at the point [E+ |Σ+]. If one thinks ofG2–manifolds
arising via the twisted connected sum construction as analogues of 3–manifolds with a fixed Hee-
gaard splitting, then this is much like the geometric picture behind Atiyah–Floer conjecture in
dimension three [Ati88].
1See Definition 3.12.
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Remark 1.9. The hypothesis (1.5) appears natural in view of the above discussion. Assuming (1.8)
instead would slightly simplify the proof, see Remark 3.38; however, it would also substantially
restrict the applicability of Theorem 1.3 and, hence, the chance of finding new examples of G2–
instantons because (1.8) is a very strong assumption.
Remark 1.10. Using Theorem 1.3 in a situation with (1.8), the first example of an irreducible and
unobstructed G2–instanton over a twisted connected sum has been constructed by the second
named author in [Wal15]. Recent joint work by Grégoire Menet, Johannes Nordström and the
first named author [MNS17] constructs a further example of an irreducible and unobstructedG2–
instanton using Theorem 1.3 in a situation where (1.8) fails.
Outline We recall the salient features of the twisted connected sum construction in Section 2.
The expert reader may wish to skim through it to familiarise with our notation. The objective
of Section 3 is to prove Theorem 3.24, which describes hypotheses under which a pair of G2–
instantons over a matching pair of ACyl G2–manifolds can be glued. Finally, in Section 4 we
explain how these hypotheses can be verified for G2–instantons obtained via the first named
author’s construction. Theorem 1.3 is then proved by combining Theorem 3.24 and Theorem 4.2
with Proposition 4.3.
Acknowledgements. We are grateful to Simon Donaldson for suggesting the problem solved
in this article. We thank Marcos Jardim. Moreover, we thank the anonymous referee for many
helpful comments and suggestions. TWwas supported by ERCGrant 247331 and Unicamp-Faepex
grant 770/13.
2 The twisted connected sum construction
In this section we review the twisted connected sum construction using the language introduced
by Corti–Haskins–Nordström–Pacini [CHNP15].
2.1 Gluing ACyl G2–manifolds
We begin with gluing matching pairs of ACylG2–manifolds.
Definition 2.1. Let (Z ,ω,Ω) be a compact Calabi–Yau 3–fold. Hereω denotes the Kähler form and
Ω denotes the holomorphic volume form. A G2–manifold (Y ,ϕ) is called asymptotically cylin-
drical (ACyl) with asymptotic cross-section (Z ,ω,Ω) if there exist a constant δ < 0, a compact
subset K ⊂ Y , a diffeomorphism π : Y\K → R+ × Z and a 2–form ρ on R+ × Z such that
π∗ϕ = dt ∧ ω + ReΩ + dρ
and
∇kρ = O(eδt )
for all k ∈ N0. Here t denotes the coordinate on R+.
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Remark 2.2. Unfortunately, Z is the customary notation both for building blocks and asymptotic
cross-sections of ACyl G2–manifolds. To avoid confusion we point out that, unlike asymptotic
cross-sections, building blocks always come in pair with a divisor, e.g., (Z , Σ).
Definition 2.3. A pair of ACylG2–manifolds (Y±,ϕ±)with asymptotic cross-sections (Z±,ω±,Ω±)
is said to match if there exists a diffeomorphism f : Z+ → Z− such that
f ∗ω− = −ω+ and f
∗ ReΩ− = ReΩ+.
Let (Y±,ϕ±) be a matching pair of ACylG2–manifolds. FixT > 1. Define F : [T ,T + 1]×Z+ →
[T ,T + 1] × Z− by
F (t , z) := (2T + 1 − t , f (z)) .
Denote by YT the compact 7–manifold obtained by gluing together
YT ,± := K± ∪ π
−1
± ((0,T + 1] × Z±)
via F . Fix a non-decreasing smooth function χ : R → [0, 1] with χ (t) = 0 for t 6 0 and χ (t) = 1
for t > 1. Define a 3–form ϕ˜T on YT by
ϕ˜T := ϕ± − d[π
∗
±(χ (t −T + 1)ρ±)]
on YT ,±. If T ≫ 1, then ϕ˜T defines a closed G2–structure on YT . Clearly, all the YT for different
values of T are diffeomorphic; hence, we often drop the T from the notation. The G2–structure
ϕ˜T is not torsion-free yet, but can be made so by a small perturbation:
Theorem 2.4 (Kovalev [Kov03, Theorem 5.34]). In the above situation there exist a constantT0 > 1
and for each T > T0 there exists a 2–form ηT on YT such that ϕT := ϕ˜T + dηT defines a torsion-free
G2–structure; moreover, for some δ < 0
(2.5) ‖dηT ‖C0,α = O(e
δT ).
2.2 ACyl Calabi–Yau 3–folds from building blocks
The twisted connected sum is based on gluing ACylG2–manifolds arising as the product of ACyl
Calabi–Yau 3–folds with S1.
Definition 2.6. Let (Σ,ωI ,ω J ,ωK ) be a hyperkähler surface. A Calabi–Yau 3–fold (V ,ω,Ω) is
called asymptotically cylindrical (ACyl) with asymptotic cross-section (Σ,ωI ,ω J ,ωK ) if there
exist a constant δ < 0, a compact subset K ⊂ V , a diffeomorphism π : V \K → R+ × S
1 × Σ, a
1–form ρ and a 2–form σ on R+ × S
1 × Σ such that
π∗ω = dt ∧ dα +ωI + dρ,
π∗Ω = (dα − idt) ∧ (ω J + iωK ) + dσ
and
∇kρ = O(eδt ) as well as ∇kσ = O(eδt )
for all k ∈ N0. Here t and α denote the respective coordinates on R+ and S
1.
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Given an ACyl Calabi–Yau 3–fold (V ,ω,Ω), taking the product with S1, with coordinate β ,
yields an ACylG2–manifold
(Y := S1 ×V ,ϕ := dβ ∧ ω + ReΩ)
with asymptotic cross-section
(T 2 × Σ, dα ∧ dβ +ωK , (dα − idβ) ∧ (ω J + iωI )).
LetV± be a pair of ACyl Calabi–Yau 3–folds with asymptotic cross-section Σ± and suppose that
r : Σ+ → Σ− is a hyperkähler rotation, see (1.2). ThenY± := V±×S
1 match via the diffeomorphism
f : T 2 × Σ+ → T
2 × Σ− defined by
f (α , β ,x) := (β ,α , r(x)).
Remark 2.7. If f did not interchange the S1–factors, thenY would have infinite fundamental group
and, hence, could not carry a metric with holonomy equal toG2 [Joy00, Proposition 10.2.2].
ACyl Calabi–Yau 3–folds can be obtained from the following building blocks:
Definition 2.8 (Corti, Haskins, Nordström, and Pacini [CHNP13, Definition 5.1]). A building block
is a smooth projective 3–fold Z together with a projective morphism f : Z → P1 such that the
following hold:
• The anticanonical class −KZ ∈ H
2(Z ) is primitive.
• Σ := f −1(∞) is a smooth K3 surface and Σ ∼ −KZ .
• If N denotes the image of H 2(Z ) in H 2(Σ), then the embedding N →֒ H 2(Σ) is primitive.
• H 3(Z ) is torsion-free.
Remark 2.9. The existence of the fibration f : Z → P1 is equivalent to Σ having trivial normal
bundle. This is crucial because it means that Z\Σ has a cylindrical end. The last two conditions
in the definition of a building block are not essential; they have been made to facilitate the com-
putation of certain topological invariants in [CHNP13].
In his original work Kovalev [Kov03] used building blocks arising from Fano 3–folds by
blowing-up the base-locus of a generic anti-canonical pencil. This method was extended to the
much larger class of semi Fano 3–folds (a class of weak Fano 3–folds) by Corti, Haskins, Nord-
ström, and Pacini [CHNP15]. Kovalev and Lee [KL11] construct building blocks starting from
K3 surfaces with non-symplectic involutions, by taking the product with P1, dividing by Z2 and
blowing up the resulting singularities.
Theorem 2.10 (Haskins, Hein, and Nordström [HHN15, Theorem D]). Let (Z , Σ) be a building
block and let (ωI ,ω J ,ωK ) be a hyperkähler structure on Σ such that ω J + iωK is of type (2, 0). If
[ωI ] ∈ H
1,1(Σ) is the restriction of a Kähler class on Z , then there is an asymptotically cylindrical
Calabi–Yau structure (ω,Ω) onV := Z\Σ with asymptotic cross-section (Σ,ωI ,ω J ,ωK ).
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r
Figure 1: The twisted connected sum of a matching pair of building blocks.
Remark 2.11. This result was first claimed by Kovalev [Kov03, Theorem 2.4]; see the discussion
in [HHN15, Section 4.1].
Combining the results of Kovalev and Haskins–Hein–Nordström, eachmatching pair of build-
ing blocks (see Definition 1.1) yields a one-parameter family of G2–manifolds. This is called the
twisted connected sum construction.
3 Gluing G2–instantons over ACylG2–manifolds
In this sectionwe discusswhen a pair ofG2–instantons over amatchingpair of ACylG2–manifolds
Y± can be glued to give aG2–instanton over (Y ,ϕT ).
3.1 Linear analysis on ACyl manifolds
We recall some results about linear analysis on ACyl Riemannian manifolds. The references for
the material in this subsection are Maz’ya and Plamenevskiı˘ [MP78] and Lockhart and McOwen
[LM85].
3.1.1 Translation-invariant operators on cylindrical manifolds
Let E → X be a Riemannian vector bundle over a compact Riemannian manifold. By slight abuse
of notation we also denote by E its pullback to R × X . Denote by t the coordinate function on R.
For k ∈ N0, α ∈ (0, 1) and δ ∈ R we define
‖ · ‖
Ck,α
δ
:= ‖e−δt · ‖Ck,α
and denote by Ck,α
δ
(R × X ,E) the closure of C∞0 (R × X ,E) with respect to this norm. We set
C∞
δ
:=
⋂
k C
k,α
δ
.
Let D : C∞(X ,E) → C∞(X ,E) be a linear self-adjoint elliptic operator of first order. The
operator
L∞ := ∂t − D
extends to a bounded linear operator L∞,δ : C
k+1,α
δ
(R × X ,E) → Ck,α
δ
(R × X ,E).
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Theorem 3.1 (Maz’ya and Plamenevskiı˘ [MP78, Theorem 5.1]). The linear operator L∞,δ is invertible
if and only if δ < spec(D).
Elements a ∈ kerL∞ can be expanded as
(3.2) a =
∑
δ ∈spec D
eδtaδ
where aδ are δ–eigensections of D, see [Don02, Section 3.1]. One consequence of this is the
following result:
Proposition 3.3. Denote by λ+ and λ− the first positive and negative eigenvalue of D, respectively.
If a ∈ kerL∞ and
a = O(eδt ) as t →∞
with δ < λ+, then there exists a0 ∈ kerD such that
∇k (a − a0) = O(e
λ−t ) as t →∞
for all k ∈ N0. If a ∈ L
∞(R × X ,E), then a = a0.
3.1.2 Asymptotically translation-invariant operators on ACyl manifolds
Let M be a Riemannian manifold together with a compact set K ⊂ M and a diffeomorphism
π : M\K → R+ × X such that the push-forward of the metric on M is asymptotic to the metric
on R+ ×X , this means here and in what follows that their difference and all of its derivatives are
O(eδt ) as t → ∞ with δ < 0. Let F be a Riemannian vector bundle and let π¯ : F |M\K → E be a
bundle isomorphism covering π such that the push-forward of the metric on F is asymptotic to
the metric on E. Denote by t : M → [1,∞) a smooth positive function which agrees with t ◦ π
on π−1([1,∞) × X ). We define
‖ · ‖
Ck,α
δ
:= ‖e−δt · ‖Ck,α
and denote by Ck,α
δ
(M, F ) the closure of C∞0 (M, F ) with respect to this norm.
Let L : C∞0 (M,E) → C
∞
0 (M,E) be an elliptic operator asymptotic to L∞ = ∂t − D, that is, the
coefficients of the push-forward of L to R+ × X are asymptotic to the coefficients of L∞. The
operator L extends to a bounded linear operator Lδ : C
k+1,α
δ
(M,E) → Ck,α
δ
(M,E).
Proposition 3.4 ([HHN15, Proposition 2.4]). If δ < spec(D), then Lδ is Fredholm.
Elements in the kernel of L still have an asymptotic expansion analogous to (3.2). We need
the following result which extracts the constant term of this expansion.
Proposition 3.5. There is a constant δ0 > 0 such that, for all δ ∈ [0, δ0], kerLδ = kerL0 and there
is a linear map ι : kerL0 → kerD such that
∇k (π¯∗a − ι(a)) = O(e
−δ0t ) as t →∞
for all k ∈ N0; in particular,
ker ι = kerL−δ0 .
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Proof. Let λ± be the first positive/negative eigenvalue ofD. Pick 0 < δ0 < min (λ+,−λ−) such that
the decay conditions made above hold with −2δ0 instead of δ . Given a ∈ kerLδ0 , set a˜ := χ (t)π¯∗a±
with χ as in Definition 2.1. Then L∞a˜ ∈ C
∞
−δ0
. By Theorem 3.1 there exists a unique b ∈ C∞
−δ0
such
that L∞(a˜ − b) = 0. By Proposition 3.3 (a˜ − b)0 ∈ kerD and a˜ − b − (a˜ − b)0 = O(e
λ−t ) as t tends
to infinity. From this it follows that a ∈ kerL0; hence, the first part of the proposition. With
ι(a) := (a˜ − b)0 the second part also follows. 
3.2 Hermitian–Yang–Mills connections over Calabi–Yau 3–folds
Suppose (Z ,ω,Ω) is Calabi–Yau 3–fold and (Y := R ×Z ,ϕ := dt ∧ω + ReΩ) is the corresponding
cylindricalG2–manifold. In this sectionwe relate translation-invariantG2–instantons overY with
Hermitian–Yang–Mills connections over Z . LetG denote a compact semi-simple Lie group.
Definition 3.6. Let (Z ,ω) be a Kähler manifold and let E be a G–bundle over Z . A connection A
on E is Hermitian–Yang–Mills (HYM) connection if
(3.7) F 0,2A = 0 and ΛFA = 0.
Here Λ is the dual of the Lefschetz operator L := ω ∧ ·.
Remark 3.8. We are mostly interested in the special case of U(n)–bundles; however, forG = U(n),
(3.7) is too restrictive as it forces c1(E) = 0. There are two customary ways to circumnavigate this
issue: One is to change (3.7) and instead of the second part require that ΛFA be equal to a constant
in u(1), the centre of u(n), which is determined by the degree of detE; the other one is to work
with the induced PU(n)–bundle. These view points are essentially equivalent and we adopt the
latter.
Remark 3.9. By the first part of (3.7) a HYM connection induces a holomorphic structure on E. If
Z is compact, then there is a one-to-one correspondence between gauge equivalence classes of
HYM connections on E and isomorphism classes of polystable holomorphicGC–bundlesE whose
underlying topological bundle is E, see Donaldson [Don85] and Uhlenbeck–Yau [UY86].
On a Calabi–Yau 3–fold (3.7) is equivalent to
FA ∧ ImΩ = 0 and FA ∧ ω ∧ ω = 0;
hence, using ψ = ∗ϕ = ∗(dt ∧ ω + ReΩ) = 1
2
ω ∧ ω − dt ∧ ImΩ one easily derives:
Proposition 3.10 ([Sá 15, Proposition 8]). Denote by πZ : Y → Z the canonical projection. A is a
HYM connection if and only if π ∗ZA is aG2–instanton.
In general, ifA is aG2–instanton on aG–bundle E over aG2–manifold (Y ,ϕ), then the moduli
spaceM ofG2–instantons near [A], i.e., the space of gauge equivalence classes ofG2–instantons
near [A] is the space of small solutions (ξ ,a) ∈
(
Ω
0 ⊕ Ω1
)
(Y , gE ) of the system of equations
d∗Aa = 0 and dA+aξ + ∗(FA+a ∧ψ ) = 0
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modulo the action of ΓA ⊂ G, the stabiliser of A in the gauge group of E—assuming Y is com-
pact or appropriate assumptions are made regarding the growth of ξ and a. The linearisation
LA :
(
Ω
0 ⊕ Ω1
)
(Y , gE ) →
(
Ω
0 ⊕ Ω1
)
(Y , gE ) of this equation is
(3.11) LA :=
(
d∗A
dA ∗(ψ ∧ dA)
)
.
It controls the infinitesimal deformation theory of A.
Definition 3.12. A is called irreducible and unobstructed if LA is surjective.
If A is irreducible and unobstructed, then M is smooth at [A]. If Y is compact, then LA
has index zero; hence, is surjective if and only if it is invertible; therefore, irreducible and un-
obstructed G2–instantons form isolated points in M. If Y is non-compact, the precise meaning
of M and LA depends on the growth assumptions made on ξ and a and M may very well be
positive-dimensional.
Proposition 3.13. If A is HYM connection on a bundle E over a G2–manifold Y := R × Z as in
Proposition 3.10, then the operator Lπ ∗
Z
A defined in (3.11) can be written as
Lπ ∗
Z
A = I˜∂t + DA
where
I˜ :=
©­«
−1
1
I
ª®¬
and DA :
(
Ω
0 ⊕ Ω0 ⊕ Ω1
)
(Z , gE ) →
(
Ω
0 ⊕ Ω0 ⊕ Ω1
)
(Z , gE ) is defined by
(3.14) DA :=
©­«
d∗A
ΛdA
dA −IdA − ∗ (Im Ω ∧ dA)
ª®¬ .
(Note that TY = R ⊕ π ∗ZTZ .)
Proof. Plugging ψ = 1
2
ω ∧ ω − dt ∧ ImΩ into the definition of Lπ ∗
Z
A and using the fact that the
complex structure acts via
(3.15) I =
1
2
∗ (ω ∧ ω ∧ ·)
on Ω1(Z , gE ) the assertion follows by a direct computation. 
Definition 3.16. Let A be a HYM connection on aG–bundle E over a Kähler manifold (Z ,ω). Set
H iA := ker
(
∂¯A ⊕ ∂¯
∗
A : Ω
0,i
(
Z , gCE
)
→
(
Ω
0,i+1 ⊕ Ω0,i−1
) (
Z , gCE
))
.
H 0
A
is called the space of infinitesimal automorphisms of A and H 1A is called the space of in-
finitesimal deformations of A.
10
Remark 3.17. If Z is compact and A is a connection on a PU(n)–bundle E corresponding to a
holomorphic vector bundleE, thenH i
A
 H i (Z ,End0(E)).
Proposition 3.18. If (Z ,ω,Ω) is a compact Calabi–Yau 3–fold and A is a HYM connection on a
G–bundle E → Z , then
kerDA  H
0
A ⊕ H
1
A
where DA is as in (3.14).
Proof. If s ∈ H 0
A
and α ∈ H 1A, thenDA(Re s, Im s,α + α¯) = 0. Conversely, if (ξ ,η,a) ∈ kerDA, then
applying d∗A (resp. d
∗
A ◦ I ) to
dAξ − IdAη − ∗(ImΩ ∧ dAa) = 0,
using (3.15), taking the L2 inner product with ξ (resp. η) and integrating by parts yields dAξ = 0
(resp. dAη = 0). Thus ξ + iη ∈ H
0
A and
d∗Aa = 0, ΛdAa = 0 and ImΩ ∧ dAa = 0
which implies α := a0,1 ∈ H 1A because d
∗
A = ∂
∗
A + ∂¯
∗
A and ΛdA = −i∂
∗
A + i ∂¯
∗
A. 
3.3 G2–instantons over ACyl G2–manifolds
Definition 3.19. Let (Y ,ϕ) be an ACyl G2–manifold with asymptotic cross-section (Z ,ω,Ω). Let
A∞ be a HYM connection on a G–bundle E∞ → Z . A G2–instanton A on a G–bundle E → Y is
called asymptotic toA∞ if there exist a constant δ < 0 and a bundle isomorphism π¯ : E |Y \K → E∞
covering π : Y\K → R+ × Z such that
(3.20) ∇k (π¯∗A −A∞) = O(e
δt )
for all k ∈ N0. Here by a slight abuse of notation we also denote by E∞ and A∞ their respective
pullbacks to R+ × Z .
Definition 3.21. Let (Y ,ϕ) be an ACyl G2–manifold and let A be a G2–instanton on a G–bundle
over (Y ,ϕ) asymptotic to A∞. For δ ∈ R we set
TA,δ := kerLA,δ =
{
a ∈ kerLA : ∇
k π¯∗a = O(e
δt ) for all k ∈ N0
}
.
where a = (ξ ,a) ∈
(
Ω
0 ⊕ Ω1
)
(Y , gE ). Set TA := TA,0.
Proposition 3.22. Let (Y ,ϕ) be an ACylG2–manifold and letA be aG2–instanton asymptotic toA∞.
Then there is a constant δ0 > 0 such that for all δ ∈ [0, δ0], TA,δ = TA and there is a linear map
ι : TA →H
0
A∞
⊕ H 1A∞ such that
∇k
(
π¯∗a − ι(a)
)
= O(e−δ0t )
for all k ∈ N0; in particular,
ker ι = TA,−δ0 .
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Proof. By Proposition 3.13, LA is asymptotic to I˜ (∂t − I˜DA). Since I˜DA is self-adjoint and ker I˜DA =
kerDA, we can apply Proposition 3.5 to obtain a linear map ι : TA → kerDA∞ and use the isomor-
phism kerDA∞  H
0
A∞
⊕ H 1A∞ from Proposition 3.18. 
Proposition 3.23. Let (Y ,ϕ) be an ACylG2–manifold and letA be aG2–instanton asymptotic toA∞.
Then
dim im ι =
1
2
dim
(
H 0A∞ ⊕ H
1
A∞
)
and, if H 0
A∞
= 0, then im ι ⊂ H 1A∞ is Lagrangian with respect to the symplectic structure on H
1
A∞
induced by ω.
Proof. By Lockhart and McOwen [LM85, Theorem 7.4] for 0 < δ ≪ 1
dim im ι = index LA,δ =
1
2
dim kerDA∞ .
SupposeH 0
A∞
= 0. If (ξ ,a) ∈ TA, then d
∗
AdAξ = 0 and, by Proposition 3.22, ξ decays exponentially.
Integration by parts shows that dAξ = 0; hence, ξ = 0. Therefore, TA ⊂ Ω
1(Y , gE )
We show that im ι is isotropic: For a,b ∈ TA
1
2
ˆ
Z
〈ι(a) ∧ ι(b)〉 ∧ ω ∧ ω =
ˆ
Y
d (〈a ∧ b〉 ∧ψ ) = 0
because dAa ∧ψ = dAb ∧ψ = 0. 
3.4 Gluing G2–instantons over ACylG2–manifolds
In the situation of Proposition 3.23, if ker ι = 0 andH 0
A∞
= 0, then one can show that the moduli
spaceM(Y ) ofG2–instantons near [A] which are asymptotic to some HYM connection is smooth.
Although the moduli space M(Z ) of HYM connections near [A∞] is not necessarily smooth, for-
mally, it still makes sense to talk about its symplectic structure and view M(Y ) as a Lagrangian
submanifold. The following theorem shows, in particular, that transverse intersections of a pair
of such Lagrangians give rise toG2–instantons.
Theorem 3.24. Let (Y±,ϕ±) be a pair of ACyl G2–manifolds that match via f : Z+ → Z−. Denote
by (YT ,ϕT )T>T0 the resulting family of compact G2–manifolds arising from the construction in Sec-
tion 2.1. Let A± be a pair ofG2–instantons on E± over (Y±,ϕ±) asymptotic to A∞,±. Suppose that the
following hold:
• There is a bundle isomorphism f¯ : E∞,+ → E∞,− covering f such that f¯
∗A∞,− = A∞,+,
• The maps ι± : TA± → kerDA∞,± constructed in Proposition 3.22 are injective and their images
intersect trivially
(3.25) im (ι+) ∩ im
(
f¯ ∗ ◦ ι−
)
= {0} ⊂ H 0A∞,+ ⊕ H
1
A∞,+
.
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Then there exists T1 > T0 and for each T > T1 there exists an irreducible and unobstructed G2–
instanton AT on aG–bundle ET over (YT ,ϕT ).
Proof. The proof proceeds in three steps. We first produce an approximate G2–instanton A˜T by
an explicit cut-and-paste procedure. This reduces the problem to solving the non-linear partial
differential equation
(3.26) d∗
A˜t
a = 0 and dA˜T+aξ + ∗T (FA˜T+a ∧ψT ) = 0.
for a ∈ Ω1(YT , gET ) and ξ ∈ Ω
0(YT , gET ) whereψT := ∗ϕT . Under the hypotheses of Theorem 3.24
we will show that we can solve the linearisation of (3.26) in a uniform fashion. The existence of
a solution of (3.26) then follows from a simple application of Banach’s fixed-point theorem.
Step 1. There exists a δ < 0 and for eachT > T0 there exists a connection A˜T on aG–bundle ET over
YT such that
(3.27) ‖FA˜T ∧ψT ‖C0,α = O(e
δT ).
The bundle ET is constructed by gluing E± |YT ,± via f¯ and the connection A˜T is defined by
A˜T := A± − π¯
∗
±[χ (t −T + 1)a±]
over YT ,± where
a± := π¯±,∗A± −A∞,±,
π¯± is as in Definition 3.19 and χ is as in Section 2.1. Then (3.27) is a straight-forward consequence
of (2.5) and (3.20).
Step 2. Define a linear operator LT : C
1,α → C0,α by (3.11) with A = A˜T and ϕ = ϕT . Then there
exist constants T˜1, c > 0 such that for all T > T˜1 the operator LT is invertible and
(3.28) ‖L−1T a‖C1,α 6 ce
|δ |
4 T ‖a‖C0,α .
Step 2.1. There exists a constant c > 0 such that for all T > T0
(3.29) ‖a‖C1,α 6 c
(
‖LTa‖C0,α + ‖a‖L∞
)
.
This is an immediate consequence of standard interior Schauder estimates because of (2.5)
and (3.20).
Step 2.2. There exist constants T˜1 > T0 and c > 0 such that forT ∈ [T˜1,∞)
(3.30) ‖a‖L∞ 6 ce
|δ |
4 T ‖LTa‖C0,α .
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Suppose not; then there exist a sequence (Ti ) tending to infinity and a sequence (ai ) such that
(3.31) ‖ai ‖L∞ = 1 and limi→∞
e
|δ |
4 Ti ‖LTiai ‖C0,α = 0.
Then by (3.29)
(3.32) ‖ai ‖C1,α 6 2c.
Hence, by Arzelà–Ascoli we can assume (passing to a subsequence) that the sequence ai |YTi ,±
converges inC
1,α/2
loc
to some sectiona∞,± of
(
Λ
0 ⊕ Λ1
)
⊗gE± overY±, which is bounded and satisfies
LA±a∞,± = 0
because of (2.5) and (3.20). Using standard elliptic estimates it follows that a∞,± ∈ TA± .
Proposition 3.33. In the above situation
lim
i→∞
(ai |YTi ,±) − (a∞,± |YTi ,±)L∞(YTi ,±) = 0.
The proof of this proposition will be given at the end of this section. Accepting it as a fact for
now, it follows immediately that
ι+(a∞,+) = f¯
∗ ◦ ι−(a∞,−)
becauseYTi,+∩YTi ,− = [Ti ,Ti +1]×Z+. Now, by (3.25) we must have ι±(a∞,±) = 0; hence, a∞,± = 0,
since ι± are injective.
However, by (3.31) there exist xi ∈ YTi such that |aTi |(xi ) = 1. By passing to a further subse-
quence and possibly changing the rôles of + and − we can assume that each xi ∈ YTi ,+; hence, by
Proposition 3.33, a∞,+ , 0, contradicting what was derived above. This proves (3.30).
Step 2.3. We complete the proof of Step 2.
Combining (3.29) and (3.30) yields
‖a‖C1,α 6 ce
|δ |
4 T ‖LTa‖C0,α .
Therefore, LT is injective; hence, also surjective since LT is formally self-adjoint.
Step 3. There exists a constant T1 > T˜1 and for each T > T1 a smooth solution a = aT of (3.26) such
that limT→∞ ‖aT ‖C1,α = 0.
We can write (3.26) as
(3.34) LTa +QT (a) + εT = 0
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whereQT (a) :=
1
2
∗T ([a ∧ a] ∧ψT ) + [a, ξ ] and εT := ∗T (FA˜T ∧ψT ). We make the ansatz a = L
−1
T b.
Then (3.34) becomes
(3.35) b + Q˜T (b) + εT = 0
where Q˜T = QT ◦ L
−1
T . By (3.28)
‖Q˜T (b1) − Q˜T (b2)‖C0,α 6 ce
|δ |
2 T (‖b1‖C0,α + ‖b2‖C0,α )‖b1 − b2‖C0,α
for some constant c > 0 independent of T > T˜1. By Step 1, ‖εT ‖C0,α = O(e
δT ). Now, Lemma 3.36
yields the desired solution of (3.35) and thus of (3.26) providedT > T1 for a suitably largeT1 > T˜1.
By elliptic regularity a is smooth. 
Lemma 3.36 (Donaldson and Kronheimer [DK90, Lemma 7.2.23]). LetX be a Banach space and let
T : X → X be a smooth map with T (0) = 0. Suppose there is a constant c > 0 such that
‖Tx −Ty‖ 6 c (‖x ‖ + ‖y‖) ‖x − y‖.
If y ∈ X satisfies ‖y‖ 6 1
10c , then there exists a unique x ∈ X with ‖x ‖ 6
1
5c solving
x +Tx = y.
Moreover, this x ∈ X satisfies ‖x ‖ 6 2‖y‖.
To complete the proof of Theorem 3.24 it now remains to prove Proposition 3.33 for which
we require the following result.
Proposition 3.37. In the situation of Theorem 3.24, there is a γ0 > 0 such that for each γ ∈ (0,γ0)
the linear operator LA± : C
1,α
γ → C
0,α
γ has a bounded right inverse.
Proof. By Proposition 3.4, LA± : C
1,α
γ → C
0,α
γ is Fredholm whenever γ > 0 is sufficiently small.
The cokernel of LA± can be identified to be TA±,−γ , which is trivial by hypothesis. 
Proof of Proposition 3.33. We restrict to the + case; the − case is identical. It follows from the
construction of a∞,+ that for each fixed compact subset K ⊂ Y+
lim
i→∞
(ai |K ) − (a∞,+ |K )
L∞(K )
= 0.
To strengthen this to an estimate on all of YTi ,+ the factor e
|δ |
4 T in (3.31) will be important, even
though it is clearly not optimal.
With χ as in Definition 2.1 define a cut-off function χT : Y+ → [0, 1] by χT (x) := 1− χ (t+(x)−
3
2
T ). For each sufficiently small γ > 0 we have
‖LA+(χTiai )‖C0,αγ (Y+)
= O(e−
3
2γTi )
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using the estimates (2.5), (3.20), (3.31) and (3.32). Using Proposition 3.37 we construct bi ∈ C
1,α
γ
such that ai∞,+ := χTiai + bi ∈ TA+,γ and ‖bi ‖C1,α0,γ
= O(e−
3
2γTi ). Hence,(ai |YTi ,+) − (ai∞,+ |YTi ,+)L∞(YTi ,+) = O(e− 12γTi ).
Moreover, limi→∞
(ai∞,+ |K ) − (a∞,+ |K )
L∞(K )
= 0 and since both ‖ · ‖L∞(K ) and ‖ · ‖L∞(Y+) are
norms on the finite dimensional vector space TA+,γ = TA+ it also follows that
lim
i→∞
‖ai∞,+ − a∞,+‖L∞(Y+) = 0.
Therefore,
lim
i→∞
(ai |YTi ,+) − (a∞,+ |YTi ,+)L∞(YTi ,+) = 0. 
Remark 3.38. The proof of Theorem 3.24 slightly simplifies assuming H 0
A∞,+
⊕ H 1A∞,+ = {0} in-
stead of (3.25): We can directly conclude that ι±(a∞,±) = 0 and, hence, a∞,± = 0; thus making
Proposition 3.33 unnecessary. In particular, (3.30) holds without the additional factor of e
|δ |
4 T .
4 Fromholomorphic vector bundles over building blocks toG2–instantons
over ACylG2–manifolds
We now discuss how to deduce Theorem 1.3 from Theorem 3.24.
Definition 4.1. Let (V ,ω,Ω) be anACyl Calabi–Yau 3–foldwith asymptotic cross-section (Σ,ωI ,ω J ,ωK ).
Let A∞ be an ASD instanton on a G–bundle E∞ over Σ. A HYM connection A on a G–bundle E
over V is called asymptotic to A∞ if there exist a constant δ < 0 and a bundle isomorphism
π¯ : E |V \K → E∞ covering π : V \K → R+ × S
1 × Σ such that
∇k (π¯∗A −A∞) = O(e
δt )
for all k ∈ N0. Here by a slight abuse of notation we also denote by E∞ and A∞ their respective
pullbacks to R+ × S
1 × Σ.
The following theorem can be used to produce examples of HYM connections A on PU(n)–
bundles over ACyl Calabi–Yau 3–folds asymptotic to ASD instantons A∞; hence, by taking the
product with S1, examples ofG2–instantons π
∗
VA asymptotic to π
∗
Σ
A∞ over the ACylG2–manifold
S1 ×V . Here πV : S
1 ×V → V and πΣ : T
2 × Σ → Σ denote the canonical projections.
Theorem 4.2 (Sá Earp [Sá 15, Theorem 59]). Let Z and Σ be as in Theorem 2.10 and let (V :=
Z\Σ,ω,Ω) be the resulting ACyl Calabi–Yau 3–fold. Let E be a holomorphic vector bundle over
Z and let A∞ be an ASD instanton on E |Σ compatible with the holomorphic structure. Then there
exists a HYM connection A onE |V which is compatible with the holomorphic structure onE |V and
asymptotic to A∞.
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By slight abuse of notation we also denote by A∞ the ASD instanton on the PU(n)–bundle
associated with E |Σ and by A the HYM connection on the PU(n)–bundle associated with E |V .
Theorem 3.24 and Theorem 4.2 together with the following result immediately imply Theorem 1.3.
Proposition 4.3. In the situation of Theorem 4.2, suppose H 0(Σ,End0(E |Σ)) = 0. Then
(4.4) H 1π ∗
Σ
A∞
= H 1A∞ ,
see Definition 3.16 and Remark 1.6, and for some small δ > 0 there exist injective linear maps
κ− : Tπ ∗
V
A,−δ → H
1(Z ,End0(E)(−Σ))
and κ : Tπ ∗
V
A → H
1(Z ,End0(E))
such that the following diagram commutes:
(4.5)
Tπ ∗
V
A,−δ Tπ ∗
V
A H
1
π ∗
Σ
A∞
H 1(Z ,End0(E)(−Σ)) H
1(Z ,End0(E)) H
1(Σ,End0(E |Σ)).
κ−
ι
κ 
Equation (4.4) is a direct consequence of H 0
A∞
= 0. The proof of the remaining assertions
requires some preparation.
4.1 Comparing infinitesimal deformations of π ∗VA and A
Proposition 4.6. IfA is a HYM connection asymptotic toA∞, then there exists a δ0 > 0 such that for
all δ 6 δ0
(4.7) Tπ ∗
V
A,δ =
{
a ∈ kerDA : ∇
k π¯∗a = O(e
δt ) for all k ∈ N0
}
with DA as in (3.14).
Proof. We can write LA = I˜∂β +DA where β denotes the coordinate on S
1. For δ 6 0, (4.7) follows
by an application of Lemma A.1 in [Wal13b]. The right-hand side is contained in the left-hand
side of (4.7) which, by Proposition 3.22, is independent of δ ∈ [0, δ0]. 
Proposition 4.8. In the situation of Proposition 4.3, there exists a constant δ0 > 0 such that, for all
δ 6 δ0,H
0
A,δ
= 0 and
Tπ ∗
V
A,δ  H
1
A,δ
where
H iA,δ :=
{
α ∈ H iA : ∇
k π¯∗α = O(e
δt ) for all k ∈ N0
}
.
Proof. If δ 6 δ0 (cf. Proposition 3.22) and (ξ ,η,a) ∈ TA,δ , then ι(ξ ,η,a) ∈ {0}⊕H
1
A∞
. Hence ξ andη
decay exponentially and one use can Proposition 4.6 and argue as in the proof of Proposition 3.18;
it also follows thatH 0
A,δ
= 0. 
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4.2 Acyclic resolutions via forms of exponential growth/decay
In view of the above what is missing to prove Proposition 4.3 is a way to relate H 1
A,δ
with the
cohomology of (twists of)End0(E). This is what the following result provides.
Proposition 4.9. Let (Z , Σ) be a building block and let V := Z\Σ be the ACyl Calabi–Yau 3–fold
constructed via Theorem 2.10. Suppose that E is a holomorphic vector bundle over Z and suppose
that A is a HYM connection on E compatible with the holomorphic structure and asymptotic to an
ASD instanton onE |Σ.
For δ ∈ R define a complex of sheaves (A•
δ
, ∂¯) on Z by
Aiδ (U ) =
{
α ∈ Ω0,i (V ∩U ,E) : ∇k π¯∗α = O(e
δt ) for all k ∈ N0
}
.
If δ ∈ R\Z, then the complex of sheaves (A•
δ
, ∂¯) is an acyclic resolution ofE (⌊δ⌋Σ). In particular,
setting κi
δ
(α) := [α] one obtains maps
κiδ : H
i
A,δ → H
i
(
Γ(A•δ ), ∂¯
)
 H i (Z ,E(⌊δ⌋Σ)).
Remark 4.10. In Proposition 4.9, ⌊δ⌋ denotes the largest integer not greater than δ ; in particular,
⌊δ⌋Σ is a divisor on Z .
Remark 4.11. We state Proposition 4.9 in dimension three; however, it works mutatis mutandis in
all dimensions.
Proof of Proposition 4.9. The proof consists of three steps.
Step 1. The sheaves A•
δ
are C∞–modules; hence, acyclic, see [Dem12, Chapter IV Corollary 4.19].
Step 2. E(⌊δ⌋Σ) = ker
(
∂¯ : A0
δ
→ A1
δ
)
.
Letx ∈ Z and letU ⊂ Z denote a small open neighbourhoodofx . An elements ∈ ker
(
∂¯ : Γ(U ,A0
δ
) → Γ(U ,A1
δ
)
)
corresponds to a holomorphic section ofE |V∩U such that |z |
−δs stays bounded. Here z is a holo-
morphic function on U vanishing to first order along Σ ∩U , whose existence follows from Defi-
nition 2.8. Then z−⌊δ ⌋s is weakly holomorphic in U . By elliptic regularity z−⌊δ ⌋s extends across
U ∩Σ and thus s defines an element of Γ (U ,E(⌊δ⌋Σ)). Conversely, it is clear that Γ(U ,E(⌊δ⌋Σ)) ⊂
ker
(
∂¯ : Γ(U ,A0
δ
) → Γ(U ,A1
δ
)
)
.
Step 3. The complex of sheaves
(
A•
δ
, ∂¯
)
is exact.
Away from Σ the exactness follows from the usual ∂¯–Poincaré Lemma. If x ∈ Σ, then since Z
is fibred over P1, by Definition 2.8, there exist a small open neighbourhoodU of x in Z , a polydisc
D ⊂ Σ centred at x and a biholomorphic map π : V ∩ U → R+ × S
1 × D such that the push-
forward of the Kähler metric on V ∩ U via π is asymptotic to the metric induced by that on D.
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The necessary version of the ∂¯–Poincaré Lemma can now be proved along the lines of [GH94,
p. 25] provided the linear operator
∂¯ : C∞δ Ω
0(R × S1) → C∞δ Ω
0,1(R × S1)
is invertible. This, however, is a simple consequence of Theorem 3.1 since ∂¯ = ∂t + i∂α and the
spectrum of i∂α on S
1
= R/Z is Z. 
4.3 Proof of Proposition 4.3
In view of Proposition 4.8 we only need to establish (4.5) withH 1
A,δ
instead of Tπ ∗
V
A,δ . By Propo-
sition 4.9 applied toEnd0(E), we have linear maps
κ1δ : H
1
A,δ → H
1 (Z ,End0(E)(⌊δ⌋Σ)) for δ ∈ R\Z;
hence, linear maps
κ− : H
1
A,−δ → H
1 (Z ,End0(E)(−Σ))
and κ : H 1A = H
1
A,δ → H
1 (Z ,End0(E))
for some small δ > 0 making the following diagram commute:
H 1
A,−δ
H 1A H
1
A∞
H 1(Z ,End0(E)(−Σ)) H
1(Z ,End0(E)) H
1(Σ,End0(E |Σ)).
κ−
ι
κ 
The map κ− is injective, because if κ−a = 0, then a = ∂¯s for some s ∈ Γ(Z ,A
0
−δ
) and thus
ˆ
V
‖a‖2 =
ˆ
V
〈
a, ∂¯s
〉
=
ˆ
V
〈
∂¯
∗a, s
〉
= 0.
Since H 0(Σ,End0(E |Σ)) = 0, the first map on the bottom is injective and because the rows are
exact a simple diagram chase proves shows that κ is injective. 
References
[Ati88] M. Atiyah. New invariants of 3– and 4–dimensional manifolds. The mathematical
heritage of Hermann Weyl (Durham, NC, 1987). Vol. 48. Proc. Sympos. Pure Math.
Providence, RI, 1988, pp. 285–299. MR: 974342 (cit. on p. 3).
19
[CHNP13] A. Corti, M. Haskins, J. Nordström, and T. Pacini. Asymptotically cylindrical Calabi–
Yau 3–folds fromweak Fano 3–folds. Geometry and Topology 17.4 (2013), pp. 1955–2059.
doi: 10.2140/gt.2013.17.1955. MR: 3109862. Zbl: 1273.14081 (cit. on p. 6).
[CHNP15] A. Corti, M. Haskins, J. Nordström, and T. Pacini. G2–manifolds and associative sub-
manifolds via semi-Fano 3–folds. Duke Mathematical Journal 164.10 (2015), pp. 1971–
2092. doi: 10.1215/00127094-3120743. MR: 3369307. Zbl: 06486366 (cit. on pp. 1,
4, 6).
[Dem12] J.-P. Demailly. Complex Analytic andDifferential Geometry. 2012. url: https://www-fourier.ujf-grenoble.fr/~demailly/manuscripts/agbook.pdf
(cit. on p. 18).
[DK90] S. K. Donaldson and P. B. Kronheimer. The geometry of four-manifolds. Oxford Math-
ematical Monographs. Oxford Science Publications. New York, 1990, pp. x+440. MR:
MR1079726. Zbl: 0904.57001 (cit. on pp. 3, 15).
[Don02] S. K. Donaldson. Floer homology groups in Yang–Mills theory. Vol. 147. Cambridge
Tracts inMathematics. With the assistance ofM. Furuta andD. Kotschick. Cambridge,
2002, pp. viii+236. doi: 10.1017/CBO9780511543098. MR: 1883043 (cit. on p. 8).
[Don85] S. K. Donaldson. Anti self-dual Yang–Mills connections over complex algebraic surfaces
and stable vector bundles. Proceedings of the London Mathematical Society 50.1 (1985),
pp. 1–26. doi: 10.1112/plms/s3-50.1.1. MR: 765366. Zbl: 0529.53018 (cit. on
pp. 2, 9).
[DS11] S. K. Donaldson and E. P. Segal. Gauge theory in higher dimensions, II. Surveys in
differential geometry. Volume XVI. Geometry of special holonomy and related topics.
Vol. 16. 2011, pp. 1–41. arXiv: 0902.3239. MR: 2893675. Zbl: 1256.53038 (cit. on
p. 2).
[DT98] S. K. Donaldson and R. P. Thomas. Gauge theory in higher dimensions. The geometric
universe (Oxford, 1996). Oxford, 1998, pp. 31–47. MR: MR1634503. Zbl: 0926.58003.
url: http://www.ma.ic.ac.uk/~rpwt/skd.pdf (cit. on p. 2).
[GH94] P. Griffiths and J. Harris. Principles of algebraic geometry. Wiley Classics Library.
Reprint of the 1978 original. New York, 1994, pp. xiv+813. MR: 1288523 (cit. on p. 19).
[HHN15] M. Haskins, H.-J. Hein, and J. Nordström. Asymptotically cylindrical Calabi–Yau man-
ifolds. Journal of Differential Geometry 101.2 (2015), pp. 213–265. doi: 10.4310/jdg/1442364651.
MR: 3399097. Zbl: 1332.32028 (cit. on pp. 1, 6–8).
[HL97] D. Huybrechts and M. Lehn. The geometry of moduli spaces of sheaves. Aspects of
Mathematics, E31. Braunschweig, 1997, pp. xiv+269. MR: 1450870 (cit. on p. 3).
[Joy00] D. D. Joyce. Compact manifolds with special holonomy. Oxford Mathematical Mono-
graphs. Oxford, 2000, pp. xii+436. MR: 1787733. Zbl: 1027.53052 (cit. on p. 6).
[Joy96] D. D. Joyce. Compact Riemannian 7–manifolds with holonomy G2. I. Journal of Dif-
ferential Geometry 43.2 (1996), pp. 291–328. doi: 10.4310/jdg/1214458109. MR:
MR1424428. Zbl: 0861.53022 (cit. on p. 1).
20
[KL11] A. Kovalev and N.-H. Lee. K3 surfaces with non-symplectic involution and compact
irreducible G2–manifolds. Mathematical Proceedings of the Cambridge Philosophical
Society 151.2 (2011), pp. 193–218. doi: 10.1017/S030500411100003X. MR: 2823130.
Zbl: 1228.53064 (cit. on pp. 1, 6).
[Kov03] A. Kovalev. Twisted connected sums and special Riemannian holonomy. Journal für die
Reine undAngewandte Mathematik 565 (2003), pp. 125–160. doi: 10.1515/crll.2003.097.
MR: MR2024648. Zbl: 1043.53041 (cit. on pp. 1, 2, 5–7).
[LM85] R. B. Lockhart and R. C. McOwen. Elliptic differential operators on noncompact man-
ifolds. Annali della Scuola Normale Superiore di Pisa 12.3 (1985), pp. 409–447. MR:
837256. Zbl: 0615.58048. url: http://www.numdam.org/item?id=ASNSP_1985_4_12_3_409_0
(cit. on pp. 7, 12).
[MNS17] G. Menet, J. Nordström, and H. N. Sá Earp. Construction ofG2–instantons via twisted
connected sums. 2017. arXiv: 1510.03836 (cit. on p. 4).
[MP78] V. G. Maz’ya and B. A. Plamenevskiı˘. Estimates in Lp and in Hölder classes, and the
Miranda–Agmon maximum principle for the solutions of elliptic boundary value prob-
lems in domains with singular points on the boundary. Mathematische Nachrichten 81
(1978), pp. 25–82. MR: 0492821 (cit. on pp. 7, 8).
[Sá 15] H. N. Sá Earp. G2–instantons over asymptotically cylindrical manifolds. Geometry and
Topology 19.1 (2015), pp. 61–111. doi: 10.2140/gt.2015.19.61. MR: 3318748. Zbl:
1312.53044 (cit. on pp. 1, 2, 9, 16).
[Tyu08] A. Tyurin. Vector bundles. Collected works. Volume I, Edited by Fedor Bogomolov,
Alexey Gorodentsev, Victor Pidstrigach, Miles Reid and Nikolay Tyurin. 2008, p. 330.
MR: 2742585 (cit. on p. 3).
[UY86] K. K. Uhlenbeck and S.-T. Yau. On the existence of Hermitian–Yang–Mills connections
in stable vector bundles. Communications on Pure and Applied Mathematics 39.S, suppl.
(1986). Frontiers of the mathematical sciences: 1985 (New York, 1985), S257–S293. doi:
10.1002/cpa.3160390714. MR: 861491 (cit. on p. 9).
[Wal13a] T. Walpuski. “Gauge theory onG2–manifolds”. PhD thesis. Imperial College London,
2013. url: https://spiral.imperial.ac.uk/bitstream/10044/1/14365/1/Walpuski-T-2013-PhD-Thesis.pdf
(cit. on p. 2).
[Wal13b] T.Walpuski.G2–instantons on generalised Kummer constructions. Geometry and Topol-
ogy 17.4 (2013), pp. 2345–2388. doi: 10.2140/gt.2013.17.2345. arXiv: 1109.6609.
MR: 3110581. Zbl: 1278.53051 (cit. on p. 17).
[Wal15] T. Walpuski. G2–instantons over twisted connected sums: an example. Mathmatical
Research Letters 23.2 (2015), pp. 529–544. doi: 10.4310/MRL.2016.v23.n2.a11.
arXiv: 1505.01080. Zbl: 06609380 (cit. on p. 4).
21
